Theoretical model for negative giant magnetoresistance in
  ultra-high-mobility 2D electron systems by Inarrea, Jesús
ar
X
iv
:1
40
6.
50
92
v1
  [
co
nd
-m
at.
me
s-h
all
]  
19
 Ju
n 2
01
4
epl draft
Theoretical model for negative giant magnetoresistance in
ultra-high-mobility 2D electron systems.
J. In˜arrea
Escuela Polite´cnica Superior, Universidad Carlos III, Leganes, Madrid, 28911, Spain
PACS nn.mm.xx – First pacs description
PACS nn.mm.xx – Second pacs description
PACS nn.mm.xx – Third pacs description
Abstract – We report on theoretical studies of the recently discovered negative giant magnetore-
sistance in ultraclean two-dimensional electron systems at low temperatures. We adapt a transport
model to a ultraclean scenario and calculate the elastic scattering rate (electron-charged impurity)
in a regime where the Landau level width is much smaller than the cyclotron energy. We obtain
that for low magnetic fields the scattering rate and, as a consequence, the longitudinal magne-
toresistance dramatically drop because of the small density of states between Landau levels. We
also study the dependence of this striking effect on temperature and an in-plane magnetic field.
Introduction. – Electron transport assisted by ex-
ternal AC or DC fields in low-dimensional electron sys-
tems has been always a central topic in basic and ap-
plied research in Condensed Matter Physics. An im-
portant outcome is that in the last decade the quality
and hence the mobility of two-dimensional electron sys-
tems (2DES), have been continuously increasing, exceed-
ing routinely now the 107 cm2/V s level. As a result of
that, unexpected physical phenomena have been discov-
ered such as, for example, the microwave-induced mange-
toresistance (Rxx) oscillations (MIRO) and zero resistance
states (ZRS). These effects were discovered when a 2DES
in a low and perpendicular magnetic field (B) was irra-
diated with microwaves (MW) [1, 2]. Different theories
have been proposed to explain these effects [3–8] but the
physical origin still remains unclear. In the same way, a
great effort has been also made from the experimental side
[9–17].
An interesting and challenging experimental result, re-
cently obtained [18, 19] and as intriguing as ZRS, con-
sists in a strong resistance spike which shows up far off-
resonance. It occurs at twice the cyclotron frequency,
w ≈ 2wc [18, 19], were w is the radiation frequency and
wc the cyclotron frequency. The amplitude of such a spike
is very large reaching an order of magnitude regarding
MIRO. Another remarkable result in the same experi-
ments is a dramatic drop in the magnetoresistance, in
other words, it is obtained negative giant magnetoresis-
tance (NGMR) confined at low B, (B ≤ 0.1T ). The ap-
pearance of this effect is concurrent with the off-resonance
magnetoresistance spike and always in very high mobility
samples. In all previous experiments about MIRO and
ZRS, using lower mobility samples, this concurrence was
never obtained. Therefore, we must conclude that, in some
way, the two physical phenomena have to be connected or
share the same physical origin. The first experiment to
obtaine NGMR, (without irradiation) was carried out by
Paalanen et al [20] and later on by Bockhorn et al. [21],
where they study the dependence of NGMR on tempera-
ture and electron density. Next, Y. Dai et al. [22], reported
on the dependence of NGMR on an in-plane B. More re-
cently Hatke et al. [23], obtained experimental results on
the dependence of NGMR on temperature and a tilted B.
Finally, the most recent experimental results on NGMR
are by Mani et al., where they report on the dependence of
NGMR on the sample size [24]. One important outcome,
common to all experiments, is that when increasing the
sample disorder, NGMR tends to progressively disappear.
In this way, higher temperatures, more intense in-plane
B and bigger sample size, all of them contribute to in-
crease the disorder, giving rise to a vanishing NGMR. On
the theoretical side, although some works have been pub-
lished on the magnetoresistance spike [25,26], however no
theoretical approach trying to explain the physical origin
of NGMR or its connection with the off-resonance magne-
toresistance spike, has been presented to date.
In this article, we theoretically study and discuss the
physical origin of NGMR and its dependence on temper-
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Fig. 1: a) Schematic diagram showing the density of Landau
states simulated by Lorentzian functions for wide and narrow
Landau levels; the width of the states is indicated by Γ. b)
Schematic diagram presenting the elastic scattering process for
ultraclean samples. The narrow Landau levels are presented
by stripes of grey color. They are tilted by the action of the
static electric field ξDC in the current direction (x-direction).
The subsequent energy drop in the scattering jump is given by
∆ = eξDC∆X
0.
ature and an in-plane B. We extend a previous trans-
port model for 2DES based in elastic scattering between
Landau levels (LL) due to charged impurities [3,27]. This
transport model was developed by the authors to deal with
MIRO and ZRS [3, 4, 28, 29]. We adapt this model to ul-
traclean samples, obtaining that the scattering conditions
are strongly modified. Mainly because the LL, which in
principle are broadened by scattering, become very narrow
in this kind of samples. This implies an increasing number
of states at the center of the LL sharing a similar energy.
However, in between LL, it happens the opposite, the den-
sity of states dramatically decreases (see Fig.1). We show
that, at low B and for the standard DC static electric field
used in these experiments, the final density of states in the
elastic scattering process, corresponds to a region between
LL, therefore with a very low density of states. This gives
rise to a small scattering rate and eventually an impor-
tant drop in the measured current and Rxx. The result of
an increasing temperature or an in-plane magnetic field is
to make bigger the disorder of the sample increasing, in
turn, the LL width. As a result there will be more avail-
able states between LL, resulting in a stronger scattering
rate and a bigger Rxx. The final outcome is that NGMR
tends to vanish.
Theoretical model. – In our model of transport we
basically follow the approach by Ridley [27] and calculate
first the scattering suffered by the electrons due to charged
impurities (elastic) applying time dependent first order
perturbation theory. Thus, we calculate the scattering
rate [3,28] between two Landau states (LS), the initial, n,
and the final, m with the Fermi’s Golden Rule:
WI =
2π
h¯
| < φm|Vs|φn > |2δ(En − Em) (1)
where φn and φm are the wave functions corresponding
to the initial and final LS respectively, i.e., they represent
quantum harmonic oscillators. Vs is the scattering poten-
tial for charged impurities [30], Vs =
∑
q
e2
2Sǫ(q+qs)
· ei−→q ·−→r
S being the surface of the sample, ǫ the GaAs dielectric
constant, and qs is the Thomas-Fermi screening constant
[30,31]. En = h¯wc(n+1/2) and Em = h¯wc(m+1/2)−∆
are the corresponding LS energies for the initial and final
states respectively. ∆ is the energy drop along the scat-
tering jump up to the final LS due to static electric field
ξDC . ξDC is aligned with the x direction and is, in turn,
responsible of the current (see Fig. 1). A more elaborated
expression for the scattering rate can be obtained [3, 27]
being given by:
WI =
e4ni
8π2h¯ǫ2
∑
m
[
Γ
[En − Em]2 + Γ2
]
×
∫
dθ
∫
dq
q
(q + qs)2
e−
1
2
q2R2
[
Ln
(
1
2
q2R2
)]2
(2)
where ni is the impurity density, R is the magnetic charac-
teristic length, R2 = h¯
eB
. Ln are the associated Laguerre
polynomials. In the obtained expression for the impurity
scattering rate, the delta function, δ(En − Em), has been
approached by a Lorentzian, considering that the LL are
broadened by disorder,
δ(En − Em) ≃ 1
π
Γ
(En − Em)2 + Γ2 (3)
where Γ is the LL width. On the other hand, the sum is
carried out up to all final LS, (
∑
∞
m=0).
When it comes to extending the transport model to a
ultraclean scenario it is essential to consider that now the
LL width is much smaller than h¯wc. Accordingly, we first
apply the Poisson sum rules to perform the infinite sum
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of LL in eq. (2) and obtain:
∑
m
[
Γ
[En − Em]2 + Γ2
]
=
=
1
h¯wc
{
1 + 2
∞∑
s=1
cos
[
2πs∆
h¯wc
]
e[−
piΓs
h¯wc
]
}
(4)
When Γ ≪ h¯wc, (ultra-clean scenario), is highly recom-
mended, if possible, to carry out the total sum over s inside
the curly brackets [33]:
∞∑
s=1
[
cos
[
2πs∆
h¯wc
]
exp
[
−πΓs
h¯wc
]]
=
=
e[−
piΓ
h¯wc
]{ cos [2π∆
h¯wc
]
− e[− piΓh¯wc ]}
1− 2e[− piΓh¯wc ] cos
[
2π∆
h¯wc
]
+ e[−
2piΓ
h¯wc
]
(5)
to finally obtain,
∑
m
[
Γ
[En − Em]2 + Γ2
]
=
1
h¯wc
{
1− e[− 2piΓh¯wc ]
1− 2e[− piΓh¯wc ] cos
[
2π∆
h¯wc
]
+ e[−
2piΓ
h¯wc
]
}
(6)
Then, substituting this result into WI we get to:
WI ∝
{
1− e[− 2piΓh¯wc ]
1− 2e[− piΓh¯wc ] cos
[
2π∆
h¯wc
]
+ e[−
2piΓ
h¯wc
]
}
(7)
Once we know the scattering rate, we consider that when
an electron undergoes a scattering process, due to charged
impurities, its average orbit center position changes in the
static electric field direction, (ξDC or x direction), from
X0 to X
′
0. Accordingly, it advances an average effective
distance given by [3, 25]: ∆X0 = X
′
0 −X0 ≃ 2Rc [32], Rc
being the orbit radius Rc =
√
2m∗EF /eB. Therefore, ∆
and ξDC are related by ∆ = eξDC∆X
0.
Now, we can obtain the expression for the longitudinal
conductivity σxx according to [3,4]: σxx ∝
∫
dE∆X
0
τ
being
E the energy and τ = 1
WI
the scattering time. To obtain
Rxx we use the relation Rxx =
σxx
σ2xx+σ
2
xy
≃ σxx
σ2xy
, where
σxy ≃ neeB , being ne the electron density, and σxx ≪ σxy.
Finally, the expression of Rxx reads:
Rxx ∝
{
1− e[− 2piΓh¯wc ]
1− 2e[− piΓh¯wc ] cos
[
2π∆
h¯wc
]
+ e[−
2piΓ
h¯wc
]
}
(8)
Thus, Rxx directly depends on Γ and ξDC . For the
experimental parameters that we are dealing with [21–
23], we have estimated that ξDC ∼ 1 − 2 V/m. On the
other hand for low B ∼ 0.04 − 0.05 T, we have obtained
that, in average, in the advanced distance corresponding
to a scattering jump, the LL are tilted an energy ∆ ≃
3.10−5 eV. For these small B the cyclotron energy, h¯wc ∼
7− 8 × 10−5 eV. Then, comparing both numerical values
( ∆
h¯wc
∼ 12 ), we can conclude that in ultraclean samples
and low B, the average scenario is the corresponding to
an electron ”landing”, after a scattering event, between LL
where there is a low density of states (see Fig. 1.b). The
result is a dramatic drop at low B in Rxx as obtained in
the experiments. Thus, when it is fulfilled that, ∆
h¯wc
∼ 12 ,
the first term between brackets tends to:{
1− e[− 2piΓh¯wc ]
1− 2e[− piΓh¯wc ] cos
[
2π∆
h¯wc
]
+ e[−
2piΓ
h¯wc
]
}
→
{
1− e[− piΓh¯wc ]
1 + e[−
piΓ
h¯wc
]
}
(9)
and if, in addition to that, Γ≪ h¯wc, for low B the result-
ing term decreases very much affecting Rxx which becomes
also very small, producing the effect of NGMR. However,
when increasing further B, it turns out that, ∆
h¯wc
→ 0,
and then:{
1− e[− 2piΓh¯wc ]
1− 2e[− piΓh¯wc ] cos
[
2π∆
h¯wc
]
+ e[−
2piΓ
h¯wc
]
}
→
{
1 + e[−
piΓ
h¯wc
]
1− e[− piΓh¯wc ]
}
(10)
and Rxx tends to increase with increasing B.
In a non-ultraclean sample where Γ ≥ h¯wc, the sum
over final LS can be written as:
∑
m
[
Γ
[En − Em]2 + Γ2
]
≃ 1
h¯wc
{
1+2 cos
[
2π∆
h¯wc
]
e[−
piΓ
h¯wc
]
}
(11)
where the cosine term is strongly damped by the exponen-
tial, preventing the appearance of NGMR.
Results. – As we said above, the effect of both, tem-
perature and an in-plane B is to increase the disorder of
the sample with the subsequent increase of Γ. The bigger
the disorder, the wider Γ, increasing the density of states
between LL. The outcome is a stronger elastic scatter-
ing rate and eventually an increasing Rxx and vanishing
NGMR. In the case of an increasing temperature, electrons
are able to interact more strongly with the ions in the lat-
tice, giving rise to a stronger emission of acoustic phonons
and scattering rate. This has to be reflected in the total
quantum scattering rate 1/τ0, that encompasses all scat-
tering sources. According to the Matthiessen rule the total
scattering rate can be expressed as the sum of the different
individual scattering sources, 1
τ0
=
∑
i
1
τi
and obviously
one of them is the acoustic phonon scattering rate. Then,
an increase in the phonon scattering rate (γac = 1/τac)
due to temperature will eventually make the total scatter-
ing rate to increase too. According to Ando et al [30] γac
depends linearly on T : γac ∝ T and then ∆γac ∝ ∆T .
This will be reflected in the final LL width, Γf , that can
be expressed as: Γf = Γi + h¯∆γac, where Γi is the initial
LL width corresponding to the initial temperature. The
p-3
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Fig. 2: Calculated longitudinal magnetoresistance, Rxx, vs
magnetic field for several temperatures ranging from 0.4 K to
1.5 K. It is clearly observed the vanishing effect of the increas-
ing temperature on the NGMR.
effect of temperature is presented in Fig. 2, which exhibits
Rxx as a function of B for several temperatures ranging
from 0.4 K to 1.5 K. It is clearly observed that an increas-
ing temperature makes NGMR to progressively disappear.
When reaching T > 1 K, NGMR is totally wiped out.
The effect of an in-plane magnetic field, (Bx), on
the transport in a 2DES was studied in experiments on
radiation-induced resistance oscillations [34, 35]. Exper-
imental results showed that the main effect was a pro-
gressive damping of the whole resistance response as Bx
increased. Subsequent theoretical results [36], confirmed
and explained the surprising damping in the framework of
the radiation-driven electrons orbits model: the presence
of Bx imposes an extra harmonically oscillating motion in
the z-direction enlarging the electrons trajectory in their
cyclotron orbits (see Fig. 3). This would increase the in-
teractions of electrons with the lattice and with the walls
of the quantum well giving rise of a stronger emission of
acoustic phonons. Therefore, the effect of the presence of
Bx is to increase the disorder in the sample and the width
of the LL. The relation between γac and Bx is given by
[36]:
γac = γac(Bx = 0)×
√
1 +
(
eBxz20
h¯
)2
(12)
where z0 is the effective length of the electron wave func-
tion when we consider a parabolic potential for the z-
confinement [30, 31]. Now, proceeding similarly as be-
fore with temperature, we can express the final width of
LL as, Γf = Γi(Bx = 0) + h¯∆γac, where in this case
∆γac = γac(Bx 6= 0) − γac(Bx = 0). The effect of Bx
Bx
Bz
Fig. 3: Schematic diagram showing the semiclassical descrip-
tion of electron trajectories in 2D systems in the presence of a
perpendicular B,(Bz), and a parallel B,(Bx).
is presented in Fig. 4, where we exhibit Rxx as a func-
tion of B for several Bx ranging from 0. T to 1.0 T. We
observe that for Bx ≃ 1T , NGMR totally disappears. It
has been also recently reported by Mani et al. [24] on the
effect of sample size on NGMR . They report that NGMR
is more pronounced in smaller samples and that the ef-
fect progressively disappears as the sample size increases.
The explanation can be readily obtained, at least qualita-
tively, with similar terms as temperature and Bx. In this
case smaller samples present in average a weaker scatter-
ing and the electron transport gets closer to quasi-ballistic.
Therefore, in this kind of samples Γ will be much smaller
presenting a clear NGMR. Increasing the sample size it is
expected that Rxx will increase and NGMR will disappear,
as experiments report.
Conclusions. – In summary, we have reported, from
a theoretical approach, on the recently discovered NGMR
in ultraclean 2DES. We adapt a transport model to high
mobility samples and calculate the elastic scattering rate
in a regime where the Landau level width is much smaller
than the cyclotron energy. We obtain that for low B the
scattering rate and Rxx dramatically drop because there
are very few available states where to get to. We also study
the dependence of this striking effect on temperature and
an in-plane magnetic field, and conclude that both of them
increase the disorder of the sample giving rise to a bigger
Γ and stronger scattering rate. The subsequent results is
a greater Rxx and a vanishing NGMR.
∗ ∗ ∗
This work is supported by the MCYT (Spain) under
grant MAT2011-24331 and ITN Grant 234970 (EU).
REFERENCES
[1] R. G. Mani, J. H. Smet, K. von Klitzing, V. Narayana-
murti, W. B. Johnson, and V. Umansky, Nature(London)
420, 646 (2002); R. G. Mani, V. Narayanamurti, K. von
p-4
Theoretical model for negative giant magnetoresistance in ultra-high-mobility 2D electron systems.
0,02 0,04 0,06 0,08 0,10
0,5
1,0
1,5
2,0
2,5
 
 
 
B (T)
R X
X(
)
0.0T
0.2T
0.4T
0.6T
BX=1T
0.8T
Fig. 4: Calculated longitudinal magnetoresistance, Rxx, vs
magnetic field for different values of the in-plane magnetic
field,(Bx). Bx is ranging from 0 T to 1 T.
Klitzing, J. H. Smet, W. B. Johnson, and V. Umansky,
Phys. Rev. B69, 161306 (2004).
[2] M. A. Zudov, R. R. Du, L. N. Pfeiffer, and K. W. West,
Phys.Rev. Lett. 90, 046807 (2003).
[3] J. In˜arrea and G. Platero, Phys. Rev. Lett. 94 016806,
(2005); J. In˜arrea and G. Platero, Phys. Rev. Lett. 111
229903, (2013);J. In˜arrea and G. Platero, Phys. Rev. B
72 193414 (2005);J. In˜arrea, R. Aguado and G. Platero,
Europhys. Lett. 40, 417, (1997).
[4] J. In˜arrea and G. Platero, Appl. Phys. Lett., 89, 052109,
(2006);J. In˜arrea and G. Platero, Phys. Rev. B, 76,
073311, (2007); J. In˜arrea, Appl. Phys. Lett. 90, 172118,
(2007)
[5] A.C. Durst, S. Sachdev, N. Read, S.M. Girvin, Phys. Rev.
Lett.91 086803 (2003)
[6] C.Joas, J.Dietel and F. von Oppen, Phys. Rev. B 72,
165323, (2005)
[7] X.L. Lei, S.Y. Liu, Phys. Rev. Lett.91, 226805 (2003)
[8] P.H. Rivera and P.A. Schulz, Phys. Rev. B 70 075314
(2004)
[9] R. G. Mani et al., Phys. Rev. Lett. 92, 146801 (2004).
[10] R. G. Mani et al., Phys. Rev. B69, 193304 (2004).
[11] R. L. Willett, L. N. Pfeiffer, and K. W. West, Phys. Rev.
Lett. 93, 026804 (2004).
[12] R. G. Mani, Physica E (Amsterdam) 22, 1 (2004); R. G.
Mani, C. Gerl, S. Schmult, W. Wegscheider, V. Umansky,
Phys. Rev. B 81, 125320 (2010)
[13] J. H. Smet et al., Phys. Rev. Lett. 95, 116804 (2005).
[14] Z. Q. Yuan et al., Phys. Rev. B 74, 075313 (2006).
[15] S. I. Dorozhkin, L. Pfeiffer, K. West K, K. von Klitzing,
J.H. Smet, Nat. Phys., 7, 336, (2011).
[16] R. G. Mani, K. von Klitzing and K. Ploog, Phys. Rev. B
48, 4571 (1993)
[17] R. G. Mani, A.N. Ramanayaka and W. Wegscheider,
Phys. Rev. B 84, 085308 (2011)
[18] Yanhua Dai, R.R. Du, L.N. Pfeiffer and K.W. West, Phys.
Rev. Lett., 105, 246802, (2010).
[19] A.T. Hatke, M.A. Zudov, L.N. Pfeiffer and K.W. West,
Phys. Rev. B 83, 121301(R), (2011).
[20] M.A. Paalanen, D.C. Tsui and J.C.M. Hwang, Phys. Rev.
B 51, 2226, (1983).
[21] L. Bockhorn, P. Barthold, D. Shulh, W. Wegscheider and
R. J. Haug, Phys. Rev. B. 83, 113301, (2011).
[22] Yanhua Dai, Kristjan Stone, Ivan Knez, Chi Zang, R.R.
Du, Changli Yang, L.N. Pfeiffer and K.W. West, Phys.
Rev. B. 84, 241303(R), (2011).
[23] A.T. Hatke, M.A. Zudov, J.L. Reno, L.N. Pfeiffer and
K.W. West. Phys. Rev. B, 85, 081304, (2012).
[24] R.G. Mani, A. Kriisa and W. Wegscheider, Scient. Rep.
3, 2747, (2013);R.G,.Mani and K. Von Klintzing, Appl.
Physl Lett., 64, 1262, (1994); A.N. Ramanayaka, R.G.
Mani, J. Inarrea and W. Wegscheider, Phys. Rev. B, 85,
205315, (2012).
[25] J. In˜arrea, Phys. Status Solidi RRL 6, 394 (2012);
Nanoscale Research Letters, 8 Volume: 8, 241, (2013);
Physica E, 52, 54-58, (2013);Physics Letters A, 377, 2642,
(2013); Phys. Stat. Sol. A, 203, 1148-1153, (2006).
[26] V.A. Volkov and A.A. Zabolotnykh, Phys. Rev. B, 89,
121410(R), (2014).
[27] B.K. Ridley. Quantum Processes in Semiconductors, 4th
ed. Oxford University Press, (1993).
[28] J. In˜arrea and G. Platero, Appl. Physl Lett. 89, 172114,
(2006); J. In˜arrea, C. Lopez-Monis, A.H. MacDonald, and
G. Platero, Appl. Physl Lett., 91, 252112, (2007)
[29] J. In˜arrea and G. Platero, Appl. Phys Lett. 93, 062104,
(2008);J. In˜arrea, Appl. Phys Lett. 92, 192113,(2008)
[30] T. Ando, A. Fowler and F. Stern, Rev. Mod.
Phys.,54,(1982).
[31] John H. Davies, The Physics of Low-dimensional Semi-
conductors, Cambridge University Press, (1997).
[32] M.A. Zudov, R.R. Du, N. Pfeiffer and K.W. West, Phys.
Rev. Lett., 90, 046807, (2003).
[33] I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Se-
ries and Products. 6th ed. Academic Press. (2000).
[34] C.L. Yang, R.R. Du, L.N. Pfeiffer and K.W. West, Phys.
Rev. B, 74, 045315, (2006).
[35] R.G. Mani, Phys. Rev. B, 72, 075327, (2005); Appl. Phys.
Lett., 92, 102107, (2008).
[36] J. In˜arrea and G. Platero, Phys. Rev. B,. 78,
193310,(2008);J. Inarrea and G. Platero, Phys. Rev. B,
84, 075313, (2011); Jesus In˜arrea , R.G. Mani and W.
Wegscheider, Phys. Rev. B,82 205321 (2010)
p-5
